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Abstract

Yahtzee is a well-known game played with five dice. Players take turns at
assembling and scoring dice patterns. The player with the highest score wins.
Solitaire Yahtzee is a single-player version of Yahtzee aimed at maximizing
one’s score. A strategy for playing Yahtzee determines which choice to make
in each situation of the game. We show that the maximum expected score
over all Solitaire Yahtzee strategies is 254.5896

1 Introduction

Yahtzee is a dice game where players take turns at assembling and scoring dice
patterns so as to obtain a higher score than their opponents. The precise rules of
Yahtzee are explained in Sectibh 2. At my home we have simplified the game
for my three-year-old daughter, by restricting ourselves to the patterns of, what
is called, the Upper Section. Even in this simplified game, there are situations
where the innocent question “Daddy, what is my best choice?” cannot be answered
directly. As a mathematical parent, | naturally wondered how to compute the best
choice. That is how my obsession started.

My first stab at obtaining a better understanding of the simplified game, was
triggered by the need to put together a ‘design-directed’ programming project for
my first-year computing science students. Of course, | could not expect them to
construct an optimal strategy. However, they should be able to capture their ‘fa-
vorite’ strategy in a programming language and to assess its performance by carry-
ing out some simulations. From my own experiments in this direction, it became
obvious that Yahtzee is indeed a game of skill and not just a game of chance. This
made me even more eager to determine the optimal choices.

*Yahtzeds a registered trademark of the Milton Bradley Company.
TEindhoven University of Technology, Faculty of Mathematics and Computing Science, e-mail:
T.Verhoeff@tue.nl



Overview

Sectior] 2 defines the concepts and rules of Yahtzee. Even if you know the game, it
is good to browse this section, because there are several variants that | distinghuish.
My optimization effort is aimed at the official rules, which, it seems, are not that
well known. In Sectioh B, | analyze the game and introduce such auxiliary notions
as a strategy and its expected score. | explain how | have computed the maximum
expected score taken over all strategies for Official Solitaire Yahtzee in Sgttion 4.
It should be noted that such an optimal strategy is very complicated and hard to
learn by human players. Sectibh 5 presents some characteristics of optimal strate-
gies. These can help you improve your decisions. Remaining challenges appear in
Sectiorl 6.

2 Defining Yahtzee

There are various ways to plagahtzee This article mainly deals witl$olitaire
Yahtzegwhich is played alone. Unless otherwise stated, Yahtzee here refers to
Solitaire Yahtzee.

First | defineAbstract Yahtze€§2.1), which captures the general rules of al-
most any kind of Yahtzee. Next | define two instances of Abstract Yahtzee, which
| call Junior Yahtze€§2.2) andBasic Yahtze€§2.3). Official Yahtze€82.4) is the
game | am interested in solving. It involves some complications and can be viewed
as an extension of Abstract Yahtzee. [n_§2.5, | briefly disdBesup Yahtzee
which is played by two or more players. Finally, some other variants of Yahtzee
are described in[§2.6.

2.1 Abstract Yahtzee

A game of Yahtzee requires somiee (usuallyfive) and ascore card On the score
card is a list ofdice patterns Next to each pattern is laox in which to enter a
score Initially all boxes areempty. A game of Yahtzee consists of as mdagns
as there are patterns on the score card.

Each turn consists of amssembly phasdollowed by ascoring phase The
assembly phase is started by rolling all dice. Next come somdification at-
tempts (usuallytwo). In each modification attempt, the player chooses a subset of
the dice (thekeeperg and re-rolls the other dice. In the scoring phase, the player
chooses a pattern on the score card witheamptybox, and enters a score in it.
The score is determined by tpattern scoring rules based on the final roll of the
assembly phase, and the chosen pattern.

When all boxes have been filled with scores, the game enddfidiescoreis
determined by théinal scoring rules, based on the final state of the score card.

Here are some notes:

1. In a modification attempt, you may choam®y set of keepers, ranging from



all dice to none. Keepingll dice boils down to skipping the modification
attempt.

2. The two modification attempts airedependent That is, there isi0 restric-
tion on the second set of keepers, e.g. it need not be a superset of the first
set.

3. You may choos@ny dice pattern for scoring, as long as its box is empty.
The resulting score can however era

4. After scoring a dice pattern, its box is nonempty, possibly containzeya
score.

2.2 Junior Yahtzee

Junior Yahtzee is an instance of Abstract Yahtzee. It involves the six dice patterns
and corresponding pattern scoring rules in Table 1. The score of a dice roll for a
pattern equals the total value of all dice showing the pattern value.

Pattern | Score

Aces total value of all ones
Twos total value of all twos
Threes | total value of all threes
Fours total value of all fours
Fives total value of all fives
Sixes total value of all sixes

Table 1: Dice patterns and their scoring rules for Junior Yahtzee

| distinghuish two variants of final scoring rules for Junior Yahtzee:
Without Bonus The final score is the total of all pattern scores.

With Bonus The final score is the total of all pattern scores, plus 35 Ifthraus)
if that total is at least 63 (thi#areshold).

2.3 Basic Yahtzee

The next variant of Yahtzee, which | call Basic Yahtzee, has all the patterns of Of-
ficial Yahtzee, but the scoring rules are somewhat simpler. Table 2 listisittezn
patterns. These include the six patterns of Junior Yahtzee in, what is called, the
Upper Section The other seven patterns are in ttmver Section The indicated
pattern score is obtained only if the condition is met; otherwise, the score is zero.

Here is a brief explanation of the pattern conditions when scoring a dice roll in
the Lower Section:

Three of a Kind At least three dice show the same valaea, a, b, c.



Pattern Condition Score

Aces none total value of all ones
Twos none total value of all twos
Threes none total value of all threes
Fours none total value of all fours
Fives none total value of all fives
Sixes none total value of all sixes

Three of a Kind| > 3 equals total value of all dice
Four of aKind | > 4 equals total value of all dice
Full House 2+ 3equals | 25
Small Straight | sequence of 4 30
Large Straight | sequence of § 40
Yahtzee 5 equals 50
Chance none total value of all dice

Table 2: Dice patterns and their scoring rules for Basic Yahtzee

Four of a Kind At least four dice show the same vale:a, a, a, b.

Full House l'gl’hree dice show one value and two another vakia, a, b, b with
a#£b

Small Straight At least four dice values are in sequenaga+1, a+2, a+3, b.
Large Straight All dice values are in sequence; a+1, a+2, a+3, a+4.
Yahtzee All dice values are the sama; a, a, a, a.

The final scoring rules for Basic Yahtzee are similar to those of Junior Yahtzee.
Again there are two variants depending on whether or not a bonus is given for
scoring more than a treshold on the Upper Section (=Junior) patterns:

Without Bonus The final score is the total of all pattern scores.

With Bonus The final score is the total of all pattern scores, plus 35 (thper
Section Bonu3if the total in the Upper Section is at least 63 (theeshold).

2.4 Official Yahtzee

Official Yahtzee is like Basic Yahtzee with Bonus, but extra Yahtzees (rolls of
5 equals) are treated specially in the pattern scoring rules:

Extra Yahtzee Bonus A Yahtzee earns a bonus of 100 (tera Yahtzee Bonus,
no matter for what pattern it is scorgutpvidedthat the Yahtzee pattern has
already been scored with 50. Note however that this bonus mimtesount
toward reaching the threshold for the Upper Section Bonus.

1Some accepd = b as well, but that is not according to the official rules.
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Extra Yahtzee as Joker in Lower Section A Yahtzee, say of fivg’s, can be scored
in full for the patterng-ull House(score 25),Small Straight(score 30), or
Large Straight(score 40)providedthat both the Yahtzee pattern and the
pattern in the Upper Section have already been scored (zeroes are OK). In
that case, the Yahtzee is said to act dslker.

Note that the scoring rules for Official Yahtzee go beyond the rules of Abstract
Yahtzee, because the pattern score not only depends on the roll and the chosen
pattern, but also on (the current state of) the score card:

1. Whether or not the Extra Yahtzee Bonus is earned depends also on the state
of the Yahtzee box.

2. Whether or not a Yahtzee (of valug¢ can act as Joker depends also on the
state of the Yahtzee box and of the correspondahtigx in the Upper Section.

The final scoring rules for Official Yahtzee are similar to those of Basic Yahtzee
with Bonus:

The final score is the total of all pattern scores, plus 35 ({pper
Section Bonu$ if the total of the Upper Section scores, each taken
modulo the Extra Yahtzee Bonus (i.e. 100), is at least 63tftresh-
old).

Note that regular scores (i.e. without Extra Yahtzee Bonus) are less than the Extra
Yahtzee Bonus. Therefore, taking a score modulo the Extra Yahtzee Bonus means
that this bonus is ignored. That is how the final scoring rules capture that Extra
Yahtzee Bonuses do not count toward reaching the threshold for the Upper Section
Bonus.

Rather than including the Extra Yahtzee Bonus in the pattern score, it is more
practical to record Extra Yahtzee Bonuses in a separate box (as the versions sold in
the U.S. and the Netherlands do) or to add them to the score in the Yahtzee box (as
some web versions do). Scoring may then involve two boxes instead of just one,
which also goes beyond the rules of Abstract Yahtzee.

2.5 Group Yahtzee

Every variant of Solitaire Yahtzee can be transformed into a corresponding variant
of Group Yahtzee for two or more players. In Group Yahtzee, each player has a
personalscore card. Players take turngaund-robinfashion. A turn is played the
same way as in Solitaire Yahtzee: first a dice roll is assembled and next it is scored
on the personal score card. Players can see the current scores of each other and
may use that knowledge when making their assembly and scoring choices. The
winner is determined by the highest final score. There are no official rules for tie
breaking.

Note that in Solitaire Yahtzee, the outcome of a game is a number, namely the
final score. In Group Yahtzee, however, the outcome of a game is a player, namely
the player with the highest score (assuming no tie).
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2.6 Other Yahtzee Variants

There are many other variants of Yahtzee. The following list mentions a few of the
more common ones:

Six-pack Yahtzee The rules of the version sold by Milton Bradley in the Nether-
lands state that the objective is to obtain the highest score in a tosat of
games playedequentially [I coined the name 'Six-pack Yahtzee'.]

Triple Yahtzee Instead of playing multiple games sequentially, you can play them
concurrently In Triple Yahtzee, each player ustsseescore cards and, for
each turn, the player has the extra freedom to choose a score card for scoring
the turn.

With ‘1 pair’ and ‘2 pair’ patterns Of course, you can add, modify, or delete
patterns and scoring rules as you like. One variant | have seen on the web
includes two extra patternsone pair (> 2 equals:a, a, b, ¢, d) andtwo
pairs (> 2 equals of one value and 2 equals of another value; a, b, b, c
with a £ b. The score is the value in the pair(s).

3 Analyzing Yahtzee

In order to solve Yahtzee, it is necessary to analyze the game in terms of appropriate
mathematical models. In particular, | will define such notions as game tree and
playing strategy. These will also give us some insight into the complexity of the
game.

3.1 Analyzing Micro Yahtzee

Let us start with the analysis of a much simpler instance of Abstract Yahtkee.

cro Yahtzeeis played withonedie and the score card has omlyo patterns:Dou-

ble andSquare (also see Tablgl 3). Each of the two turns consists of a single roll
with the die 6o modification attempts), and the resulting value must be scored in
a free pattern. Actually, only the first roll offers a choice, since the second roll
must be scored in the remaining pattern. The objective is to obtain the highest final
score, being the sum of the two pattern scores.

Pattern | Condition | Score
Double | none the die value doubled
Square | none the die value squared

Table 3: Dice patterns and their scoring rules for Micro Yahtzee

What would you do when playing Micro Yahtzee and on your first turn you
roll a four: score 8 foiDouble or 16 for Squar® To answer that question, it is



important to clarify what the objective is in mathematical terms, that is, to construct
a mathematical model of the game.

The first model that | present is based on sequences of events occurring in a
game of Yahtzee: dice rolls, and assembly and scoring choices. In Micro Yahtzee
there are no assembly choices. At the start of Micro Yahtzee, in the first turn, one
of six values comes up when the die is rolled, say 4. The player then chooses one
of two patterns for scoring, based on the roll, €guble(scoring 8). Next, in the
second turn, again one of six values comes up, say 3. Now there is no choice where
to score it, since there is only one pattern I&tj@are scoring 9). The final score
for the example game is 24 + 3> = 17. ChoosingSquareafter rolling 4, and
Doubleafter rolling 3 yields a final score of4+ 2 - 3 = 22.

All event sequences can be collected igame tree Eachnodein the tree
represents a game state, eaclyean event. The game tree is grown as follows.
The initial state is theoot of the tree. For each possible evenin some states,
there is an edge labeledfrom nodes to a fresh nodé¢, denoted bys 5 t. The
game ends in keaf, that is, a node without outgoing edges.

Part of the game tree for Micro Yahtzee is shown in Figdre 1. All edges are
directed from left to right, and the nodes where the player needs to make a (scor-
ing) choice are circled. The game shown in full corresponds to first rolling 4 and
choosing patterioubleg then rolling 3 and finally “choosing” pattef®quare

| Turn 1 I Turn 2 |
choose

roll roll choose'!

End
Begin

Figure 1: Part of Micro Yahtzee’s game tree with one complete game

Each game corresponds to a path in the game tree from the root (Begin) to
some leaf (End). The path is uniquely determined by the leaf. Thus, there are
6-2.6 = 72 possible games of Micro Yahtzee.

In each node of the game tree, either all outgoing edges correspond to dice roll
events or to choice events. A game of Yahtzee can also be considered to involve an
extra player: theDice Devil', who randomly “chooses” the outcome of a dice roll.
Each event in the game then consists of a player making a move. The Dice Devil



starts the game and alternates its moves with those of the real player(s). Nodes
where the Dice Devil moves are calleall nodes, and nodes where a “real” player
moves are calledhoice nodegcircled in FigurdL).

A strategy for playing Yahtzee specifies for each choice node a way of choos-
ing one of the outgoing edges. If every choice by strat8glepends only on the
node (and not on other circumstances or chance), Sisncalled adeterminis-
tic strategy. In that case, strategyis determined by a (partial) mappiriy from
choice nodes to their outgoing edgesg I§ (the path to) a choice node, th€a(g)
is the choice made b$®. For example, the number of deterministic strategies for
playing Micro Yahtzee equals®2= 64. Some of these strategies perform better
than others.

For each ended gangg its final score

F(Q) 1)

can be computed by considering the events on the game’s path. In Micro Yahtzee,
a path with events-Double j-Squarescores 2+ j2, whereas a path with events
i-Squarej-Doublescores? + 2j.

Each playing strateg induces gprobability distributionon the thesample
spaceconsisting of all games. Lébg be therandom variableranging over all
games with probability determined by strate§y The probability that game
occurs under strategyis denoted by

P(Gs=0) 2

See[[1] for an introduction to Probability Theory.

Given a deterministic strategy, the occurrence probability of every game can be
computed as the product of all event probabilities on its path. Note that each die
roll event is independent of all other events, and that choice events have probability
one (if the strategy chooses it), or zero (otherwise). In Micro Yahtzee (with a fair
die), every path has either probability@ (if the strategy chooses it), or zero
(otherwise).

The final score is also a random variable whose probability distribution de-
pends on the playing strate@y This random variable is denoted By(Gs). The
mathematical expectatioof the final score or, briefly, thexpected final scordor
strategySis given by

E[FGs)] = > P(Gs=0)F(Q) ©)
9

The Weak Law of Large Numbemnplies that, for each stratedy, its meanfinal
score taken oveN games approximates iexpectedinal scoreE[F (Gs)] with
any accuracy level and confidence level provided bhad sufficiently large. More
formally,

Ve=0Vs-0IN V=N P(IMsp — us| <) >1-346 4)



where random variabl¥ls , is the mean final score &overn games ang:s is the
expected final score[F (Gs)] of S. Thus, the expected final score is a reasonable
performance measure for strategies. The best strategies are those achieving the
highest expected final score.

Consider the following family of seven strategi€s (0 < t < 6) for Micro
Yahtzee:

S.t scores the first roll asDoubleif i < t, and asSquareotherwise. 5)

StrategyS.0 always scores the first roll &juare and strategys.6 always scores
the first roll asDouble For the expected final score of strategy one can derive:

E[F(Gsy)] = ZZ<2|+12>/62+ZZ<| +2])/6°

i<t i>t

- Z(2|+ZJ /6)/6+Z(I +ZZJ/6)/6
i<t i>t

= Z(2|+15 )/6+ ) (*+7)/6
i<t i>t

Table[4 lists the expected final scores for all strate@i¢sNote that the expected

t | o 1 2 3 4 5 8
E[F(Gsy] | 225 232 252 258 253 242 228

Table 4: Expected final scores of strategisfor Micro Yahtzee

final scores of strategiéS 0 andS.6 are equal, because in those cases the strategy
choice is ‘blind’ to the die roll. In fact, the expected final score is then just the sum
of the expected scores for each pattern separately:

Y Y @ +%/6 = §;§;<. +2j)/6°
i i
= E 2|/6-|—E i%/6

= E[2D]+ E[D2]

where random variablP is the outcome of a single fair die roll. Keep in mind that
E[D?] # E[D]>

From Tabld 4 it is clear that strated¥4 has the highest expected final score
among all strategieS.t (though itis only marginally better th&®3). However, Ta-
ble[4 lists the expected final score of only 7 of the 64 strategies for Micro Yahtzee.
Is there no better strategy th&w? Intuitively this may seem obvious, but a com-
putation would be more convincing.

For Micro Yahtzee it is straightforward to determine the optimal strategies (that
obtain the highest expected final score). Consider the choice to be made in the first
turn after rollingi. Since the next rollj must be scored at the other pattern, the

9



expected score for that remaining pattern is eitBf#D] = 7 or E[D?] = 15%.

If i is scored aPDouble then the expected final score is 2 15%, and ifi is

scored aSquare the the expected final scorei fs+ 7. These so-calledonditional

expectationsre listed in Tablg]5. As can be seen from the rightmost coluh,
is indeed the (only) optimal strategy for Micro Yahtzee.

Expected final score
First | when first choice is| Optimal
roll Double  Square| choice
i | 2i4+15F i247
1 173 8 Double
2 191 11 | Double
3 211 16 Double
4 23% 23 Double
5 25¢ 32 Square
6 27% 43 | Square

Table 5: Conditional expected final scores and optimal choices for Micro Yahtzee

For certainzero-sum gamest is possible that nondeterministic strategies do
better than deterministic strategiefReference to Game Theorylhe preceding
analysis may help convince you that, for Solitaire Yahtzee, nondeterministic strate-
gies cannot do better than deterministic strategies. The reason is that die roll events
are independent of all other events, both other die roll events and choice events. The
Dice Devil is not demonic. Its ‘strategy’ is fixed in advance, namely to provide fair
die rolls.

3.2 Analyzing Basic Yahtzee Without Bonus

Let us now consider Basic Yahtzee Without Bonus. Its game tree is enormous.
There are thirteen turns, each consisting of three rolls, and after each roll there is a
choice, either for keeping some dice or for scoring one of the free patterns. Thus,
each game consists of 3«2 = 78 events: 133 = 39 roll events and 183 = 39
choice events (of which 182 = 26 keep events and 13 score events).

An estimate of the size of the game tree (i.e. the number of leaves = the number
of games) can be obtained from the following model. The first roll event of each
turn has 8 = 7776 possible outcomes (five dice with six values each). Each mod-
ification attempt starts by picking a subset of the dice£232 possibilities) and
then rerolling the remaining dice{@ossibilities when rerolling dice). Together,
there are)";_, ()6 = 7° = 16807 possibilitied for each of the two modification

2This number can be obtained directly (without binomial coefficients): when keeping and
rerolling, you choose for each of the five dice whether to keep it (one possibility) or to reroll it
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attempts. After the last modification attempt of turfl < t < 13), there are
14—t possible choices for scoring in one of the remaining empty pattern boxes.
The number of possibilities for turnare thus

6°(7°)° (14—1) = 219652753622414 —1) (6)

Consequently, the total number of possible Basic Yahtzee games in this model
equals

(6°7'9 %131 ~ 1.725x 10'° (7)
The nonzero probabilities of games in this model range from
(65> ~55x10"! to (67°)°~38x 10 8)

corresponding to always rerolling all dice and never rerolling any dice.

The number of deterministic strategies in this model for Basic Yahtzee is truly
horrendous. The numberof choice nodes in the game tree is a number like that
given by [7). The number of options per choice ranges from 1 (pattern choice
in the last turn before the end) to 32 (for the subset of keepers). So, the number
of deterministic strategies is something like°10Note, however, that these are
completely specifiestrategies, that is, they determine a choice in every imaginable
game state, even if that state is not reachable from the initial state under the strategy.

3.2.1 Refining the model with bags of dice values

The preceding model assumes that the dice are distinghuishable. However, when
you consider the rules of Basic Yahtzee, it is clear that the dice can be assumed
indistinghuishablél Only thebag of valuesnatters for applying the (scoring) rules;
the identity of the die that has rolled a value is irrelevant. Hence, many of the
games treated separately above, can be considered equivalent. For instance, the
roll 4, 1, 2,5, 1 is equivalent to 11, 2, 4, 5 (and to 58 other rolls; also see Table 6).
Before remodeling the game with indistinghuishable dice, let me classify and
count the various ways of rolling five dice. This is not strictly necessary, but the
results can be of help when testing Yahtzee softwareM.et {1, ..., 6} be the
set of six possible dice values. rall of five distinghuishable diceis alist of five
values fromV, that is, a mapping from the set of five dice\fo As we have seen
earlier, there are%= 7776 such rolls. Each of these rolls is equally likely (given
fair dice). Therefore, the preceding model is calledlitst Model.
A roll of five indistinghuishable dice is abag of five values fromV, that is,
a mappingg fromV to {0, ..., 5} such thathzlﬁ(v) = 5, where eacl(v) is
value v’s occurrence counor multiplicity in 8. There are ‘only’(>*2™") = 252

5
such rolls. These rolls ameot equally likely. Note that each list corresponds to

(six possibilities), giving altogethe{li+6)5 possibilities.
3|f the dice areunfair, each in its own way, then this assumption is no longer be valid.
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one bagp with g(v) = #{i | A(i) = v}, but each bag corresponds to many lists
(see columnA in Table[6). The probabilities range from7776 for any roll of

5 equal values, to 120776 = 1/64.8 for any roll of 5 distinct values. Thus, the
nonzero probabilities of games in this model range from

. 120\
(675>~ 55x 107 to ( ) ~ 2.8 x 1072 ©)

7776
corresponding, on one hand, to a game where all dice are always rerolled and each
roll results in 5 equals (yes, highly unlikely), and, on the other hand, to a game
where no dice are ever rerolled and every roll results in 5 distinct values (still quite
unlikely). This new model is called tHgag Model.

Bag class A B C

values multiplicities m; N #lists/bag #bags #lists
a,a,a,aa 50,0000 50,0,0,0 1 1 6 6
a,a,a,a,b 410000 410010 5 30 150
a,a,a,b,b 320000 401100 10 30 | 300
a,a,a,b,c 311000 320100 20 60 | 1200
a,abbc 221000 312000 30 60 | 1800
a,ab,cd 21,1100 231000 60 60 | 3600
a,bcde 1112110 150000 120 6 | 720
Total 252 | 7776

Table 6: Classifying and counting rolls of 5 dic& b, c, d, e all distinct)

Table[6 classifies and counts the bags and corresponding lists of five values
from V. The classification is based on the bag of the value bag’s multiplicities. Two
value bags that have the same bag of multiplicities are in the same bag class. The
bag of multiplicities is given here by sorting the multiplicities in descending order:
mz, My, M3, My, Ms, Mg. For instance, the rolls,1,1,4,5and 13, 3,3,6 are in
the same bag class, because their multiplicities a0e@® 1,1,0and 10, 3,0,0, 1
respectively, both reducing tq B, 1, 0, 0, 0 after sorting.

Column A of Table[® gives the number of lists corresponding to one bag in the
class, that is, the number of ways to permute the values. This number is obtained
as the multinomial coefficient

( > ) _ o! (10)
m1 My M3z Mg Ms Mg mq!'my!mg!m,!ms!mg!

where them; are the multiplicities Withzi6=1 m; = 5. ColumnB gives the num-

ber of bags in the class, that is, the number of ways to permute the multiplic-
ities, thereby inducing an assignment of distinct values fddnto the relevant

a, b, ¢, d, e. This number is obtained as the multinomial coefficient

6 6!
— (11)
NpN1 N2 N3 N4 N5 No!N1!Nstns!ng!ns!
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wheren; = #{j | m; =i }; note that}_>_,n; = 6 and}_;_,in; = 5. ColumnC
gives the number of lists in each class, thatis= AB.

Pattern Probability | Expected Score
Aces 1 0.83
Twos 1 1.67
Threes 1 2.50
Fours 1 3.33
Fives 1 4.17
Sixes 1 5.00
Three of a Kind| 1656/7776 3.73
Four of a Kind 156/7776 0.35
Full House 300/7776 0.96
Small Straight | 1200/7776 4.63
Large Straight 24017776 1.23
Yahtzee 6/7776 0.04
Chance 1 17.50
Grand Total | \ 45.95

Table 7: Probabilities and expected scores for the Basic patterns in a single roll

Using Tabld®, it is straightforward to compute the probabilities for rolling, in a
single roll, each of the Basic Yahtzee patterns, that is, a roll satisfying the pattern’s
condition. These probabilities are listed in Table 7. Here follows some further
explanation, in the order of increasing complexity.

Yahtzee is obtained by any bag in the class of 5 equals. This corresponds to 6
lists.

Full House is obtained by any bag in the class of 3 equals. This corresponds
to 300 lists.

Four of a Kind is obtained by @ahtzeeor any bag in the class of44l equals.
This corresponds to ¢ 150= 156 lists.

Three of a Kind is obtained by dour of a Kind aFull House or any bag in the
classes of 31+1 equals. This corresponds to 156300+ 1200 = 1656
lists.

Large Straight is obtained by 2 of the 6 bags in the class of 5 distinct values
(14+1+1+1+41 equals): 12,3,4,5 and 23,4,5,6. This corresponds to
2 x 120= 240 lists.

Small Straight is obtained by d_arge Straight or 2 additional bags in the class
of 5 distinct (viz. 1 3,4,5,6 and 12, 3,4, 6), or 12 of the 60 bags in the
class 2-1+1+1 equals: 12,3,4 or 2 3,4,5 or 3 4,5, 6 with any of the
four values doubled. This corresponds ta 420+ 12 x 60 = 1200 lists.
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It is also easy to compute the expected score of a single roll for each Basic
pattern. In the Upper Section, the expected score fowtpattern (1< v < 6)
is 5uP(D = v) = 5v/6, where random variablP is the outcome of a fair die
roll. The expected scores fdihree of a King Four of a Kind andChanceequal
their probability times &E[D] = 17.5, because each die value is equally likely in
these patterns. The expected score$-tdf House Small StraightLarge Straight
and Yahtzeeaqual their probability times 25, 30, 40, and 50 respectively. These
expected pattern scores are also listed in Table 7.

The numbers in Tablel 7 are related to strategies that reroll arbitrarily chosen
dice and that score each roll in an arbitrary free pattern, where ‘arbitrary’ means
‘regardless of the roll’. There are numerous ways to make such arbitrary choices.
For example, never reroll any dice, always reroll all dice, choose the topmost free
pattern, etc. These correspond to distinct strategies with the same expected final
score of just less than a measly 46, which most human players will easily beat.

3.2.2 The number of games in the Bag Model

To compute the number of games in the Bag Model is a little harder than in the
List Model. The reason is that the various rolls (value bags) do not all have the
same number of subbags to choose for keeping. In the List Model, each roll allows
precisely 2 = 32 choices for keeping. In the Bag Model, a roll of five equal values,
for instance, allows only 6 choices (zero to five of that value), whereas a roll of five
distinct values allows 32 choices (each value is either chosen or not). Cdlwhn
Table[8 gives the number of subbags for each bag[ﬂ:la'ﬁn's number is obtained
as[]°_,(mi+1), where them; are the multiplicities. The remainder of Talile 8 is
explained below.

Bag |5 4 3 3 2 2 1|4 3 2 2 1|3 2 B|2 12]1|0
class 1 2 12 1 2B 1 12 1

5 1 1 1 1 11

41 1 1 1 1 1 1 1|2|1]10
32 1 1 1 1 2 2 112|112
312 1 2 1 1 2 1|1 3|3|1]| 16
221 1 1 2 4 1|2 3|3|1]| 18
213 1 3 1 3 4|1 6|41 24
1° 1 5 10 10| 5|1 32

Table 8: Number of subbags for bags of 5 dice, arranged by class

The unkept dice, saik in number, are rerolled and combined with the kept

dice to give again a bag of size 5. The number of bags Wveiith sizek equals

(“**¥=1). The total number of such bags forOk < 5 equals(*'?"). Here is the

4Bag class identifiers are shown in abbreviated form, e.§.d&hotes 31, 1,0, 0, 0.
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whole list;

k|]o 1 2 3 4 5]total
#bags oveV of sizek |1 6 21 56 126 252 462

The roll after the first modification attempt is then subjected to a second modifi-
cation attempt. In order to compute the number of possibilities, it is convenient to
keep track of how many bags of each class occur at every stage of the turnITable 8
lists, for each class of bags overof size 5, how many subbags it has in each of
the classes of bags of size at most 5. For instance, a bag in the clas2-61.2
equals has 4 subbags of size 3 in the classtdf 8quals: there are 4 ways to leave
out two values, namely 2 ways of leaving out 2 equals, and two ways of leaving
out the single value and one of the double values.

Table[9 lists, for each class of bags oVeof size at most 5, in how many ways
it can be completed to a bag of size 5 in a given class. For instance, a bag of size 3
in the class of 2-1 equals can be completed in 8 ways to a bag of size 5 in the class
of 2+2+1 equals: there are 4 ways to add two equal new values, and 4 ways to add
one new value and one value present once. Collinshows the total number of
completions. These totals are the same as given by (12).

(12)

Bag | # |5 4 3 3 2 2 1| T
class 1 2 22 1 1

5 6 1 1
41 | 30 1 1
32 |30 1 1
312 | 60 1 1
221 | 60 1 1
213 | 60 1 1
1° 6 1 1
4 61 5 6
31 | 30 1 1 4 6
22 15 2 4 6
212 | 60 1 2 3 6
14 15 4 2 6
3 61 5 5 10 21
21 |30 1 2 4 8 6 21
13 20 3 3 12 3| 21
2 61 5 10 10 20 10 56
12 15 2 2 12 12 24 4| 56
1 61 10 10 30 30 40 5| 126
0 16 30 30 60 60 60 6| 252

Table 9: Number of completions to bag of 5 dice, arranged by class

Let
e ebe the 1x 19-matrix [0...01],
e Athe 7x 19-matrix of Tablé B,
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e B the 19x 7-matrix of Tablé ®, and
e uthe 7x 1-matrix [1...1]".
Then the matrix product
exAx (Bx A" xu (13)

gives the number of assembly possibilities for a single turn consistingrobdifi-
cation attempts. Matrir represents the initial situation of a turn, when no dice are
kept, i.e. when a single bag of size 0 is to be completed to a bag of size 5. Multipli-
cation byA gives a 7 1-matrix with the number of bags in each of the 7 classes of
bags of size 5. Subsequent multiplication®ygives a 1x 19-matrix with the num-

ber of subbags in each of the 19 classes of bags of size at most 5. Multiplication
by matrix u adds all the entries. Substitutimy := 2 in (13) yields 272212248
possibilities after two modification attempts. Consequently, the number of games
in the Bag Model equals

272212248131 ~ 2.806x 10'° (14)

This is a huge reduction compared to the number of games in the List Model given
by (@), but still an enormous number.

It is instructive to understand the relationship between strategies in the List
Model and strategies in the Bag Model. Every deterministic stratmythe Bag
Model can be translated into an equivalent deterministic stragdm the List
Model, by translating lists into bags and then apply#idrhe resulting strateg®
is equivalent taSin the sense that it has the same characteristics, such as expected
final score. The reverse translation does not always work, because the translation
from bags into lists is not uniquely determined. Choices by a strategy in the List
Model can be based on features of a roll that are ‘invisible’ in the Bag Model.

For instance, consider the first rolls¥42,5,1 and 11, 2, 4, 5, which differ
as lists but are equal as bags. The dice kept after these two rolls can differ for a
deterministic strategy in the List Model, but must be the same for a deterministic
strategy in the Bag Model. A deterministic strategyn the List Model can only
be translated into an equivalent deterministic strat8gy the Bag Model when
choices byS are constant on bag classes. Such a deterministic strategy in the List
Model is called ag-deterministic strategy. Note that the translation of a deter-
ministic strategy from the Bag Model to the List Model yields a bag-deterministic
strategy.

3.2.3 Optimal strategies for Basic Yahtzee Without Bonus

The approach for optimizing Micro Yahtzee can be generalized. It yields a recur-
sive evaluation scheme for the expected final score of a strategy for a Yahtzee game
in general. Moreover, it leads to a means of determining strategies that maximize
the expected final strategy.
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Define theadditional score by strategyS when continuing from game state
via g’ to the end by

A | 9) (15)
It has the following properties

A1) F(9g) if g ended

A{)|g) = O0ifgended

Aleg g = f(elg)+Ad |ge

Maximum score under official rules: All rolls are (appropriate) Yahtzees, yield-
ing 5+ 10+ 15420+ 254- 304 35+ 30+ 30+ 25+ 30+ 40450430412+ 100 =
5% 214 35+ 4% 30+ 25+ 40+ 50+ 1200= 140+ 120+ 115+ 1200= 1575

4 Solving Official Yahtzee

Combinatorial and probabilistic issues have been dealt with. Computational and
numeric issues. Double, self-organizing, dynamic programming.

5 Investigating Optimal Strategies

What is the worst opening roll? What is the best? What to do if you open with 4
sixes and 1 five? When to zero out Yahtzee or Large Straight? What is expected
number of zeroed out categories? What is the minimum score? What is the median

score?

# Modification attempts
Pattern 0 1 2
Aces 0.83333| 1.52778| 2.10648
Twos 1.66667| 3.05556| 4.21296
Threes 2.50000| 4.58333| 6.31944
Fours 3.33333| 6.11111| 8.42593
Fives 4.16667| 7.63889| 10.53241
Sixes 5.00000| 9.16667| 12.63889
Three of a Kind| 3.72685| 10.20870| 15.19466
FourofaKind | 0.35108| 2.42151| 5.61126
Full House 0.98380| 4.85254| 9.15362
Small Straight | 4.65278| 12.37972| 18.48075
Large Straight | 1.26543| 5.31739| 10.61274
Yahtzee 0.03858| 0.63157| 2.30143
Chance 17.50000( 21.25000( 23.33333

Table 10: Expected optimal scores for a single turn

Compare the column for no modification attempts to Table 7.
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Pattern Avg. score | % 0 scores
Aces 1.88 10.87
Twos 5.28 1.83
Threes 8.56 0.95
Fours 12.16 0.61
Fives 15.69 0.51
Sixes 19.18 0.54
U. S. Bonus 23.80 32.00
Three of a Kind 21.66 3.26
Four of a Kind 13.09 36.37
Full House 22.59 9.36
Small Straight 29.46 1.80
Large Straight 32.70 18.24
Yahtzee 16.87 66.25
Chance 22.01 0.00
Extra Yahtzee 9.58 91.76
Grand Total | 254.51 | 0.00

Table 11: Scoring statistics of an optimal strategy for Official Yahtzee, based on
one million simulated games

6 Conclusion

6.1 Acknowledgments

I would like to thank Marga Daeis, Jurjen Bos, . . . for their helpful comments and
suggestions.

References

[1] W. Feller. An Introduction to Probability Theory and Its Applications: Volume
I. Third Edition, Wiley, 1968.

18



	Introduction
	Defining Yahtzee
	Abstract Yahtzee
	Junior Yahtzee
	Basic Yahtzee
	Official Yahtzee
	Group Yahtzee
	Other Yahtzee Variants

	Analyzing Yahtzee
	Analyzing Micro Yahtzee
	Analyzing Basic Yahtzee Without Bonus
	Refining the model with bags of dice values
	The number of games in the Bag Model
	Optimal strategies for Basic Yahtzee Without Bonus


	Solving Official Yahtzee
	Investigating Optimal Strategies
	Conclusion
	Acknowledgments


